Abstract: This paper proposes a simple and efficient method for designing a class of circularly-symmetric spatial linear filters implemented on cellular neural networks. The design method relies on a so-called 1-D prototype filter, with desired characteristics and on a 1-D to 2-D spatial frequency transformation. Several design examples are given, for 2-D low-pass and band-pass filters (both of FIR and IIR type) with imposed cut-off or peak frequency and a specified selectivity. Finally, simulation results are provided, on a real grayscale biomedical image.
Introduction
Cellular Neural Networks (CNNs) are complex dynamic systems consisting in regular arrays, made of identical elements called cells [1] . Recently, they have found useful applications in various image processing tasks ( [1, 2] ). Spatial filters with circular symmetry are useful in linear filtering tasks, both in digital and analog image processing [3, 4] . In the latter case, CNNs can be used as stable linear 2-D filters. The image I to be filtered is usually applied at the input (U U U=I) and the initial state is usually zero (X X X=0). When used in this class of tasks, CNN cells must not reach saturation during operation, which implies the restriction for the cell state: |x i j | < 1|, i, j = 1, . . . , N. Generally, the linear CNN filter is described by the spatial transfer function [5] :
where A(ω 1 , ω 2 and B(ω 1 , ω 2 are the 2-D Discrete Space Fourier Transforms (DSFT) of templates A and B.
An essential constraint regarding CNNs is the local connectivity, which is specific to these parallel systems. The design of 2-D spatial filtering functions may lead to high-order spatial filters, which require large-size templates, that cannot be directly implemented in VLSI. In fact, the templates currently implemented are no larger than 3 × 3, 5 × 5, rarely 7 × 7 [2] . Consequently, large templates can only be implemented by decomposing them into a set of elementary templates. Thus, a given filtering operation can be achieved as a sequence of elementary filtering tasks, directly implemented [6] .
Large templates, which correspond to high order spatial filters, can be systematically decomposed as a sum of convolution products of elementary (minimum-size) templates using the Singular Value Decomposition (SVD), as shown in [7] .
The most convenient templates are the so-called separable templates, which finally can be written as a discrete convolution of small-size templates. We will show here that the templates of the 2-D spatial filters resulted from 1-D prototypes can be always written as a single convolution product of small-size templates, therefore the filtering can be realized in several steps.
Correspondingly, the filtering function will be a product of elementary functions. For instance, for a 2-D IIR filter H(ω 1 , ω 2 ), the final image (state) can be expressed as
The image X(ω 1 , ω 2 ) = U(ω 1 , ω 2 )H(ω 1 , ω 2 ) resulted after the first filtering step is re-applied to CNN input, giving the second output image:
and so on, until the whole filtering is achieved. This successive filtering is possible for any 1-D filter and for 2-D separable filters. For instance, a high-order separable 2-D filter has a large-size control template B
The separable template B is written as an outer product of the column vector B c with row vector B r . Then, B c and B r are decomposed into small templates B ci , B r j (of size 1 × 3 or 1 × 5), which are then coupled in pairs, giving by outer product the elementary templates B 1 , . . . , B N (3 × 3 or 5 × 5). Here the symbol * stands for both outer product of two vectors and 2-D convolution of two matrices, which are associative operations, therefore can be interchanged.
Considering a 1-D recursive CNN spatial filter of order N, its transfer function can be expressed as
According to the fundamental theorem of algebra, the numerator and denominator of (4) can be factorized into first and second order polynomials in cos ω. For instance, the numerator can be decomposed as follows
with n + 2m = N (the filter order). Correspondingly, the symmetric 1-D template B (size 1 × N), can be decomposed into elementary, symmetric templates of size 1 × 3 or 1 × 5, i.e. it can be written as a discrete convolution
A similar expression is valid for the denominator A(ω). Coupling conveniently the factors of A(ω) and b(ω), the filter transfer function (4) can be always written as a product of elementary functions of order 1 or 2, realized with pairs of 1 × 3 or 1 × 5 templates
Different useful 1-D filters (low-pass, band-pass etc.) realized with minimum size templates were proposed in [8] . Such filters, easy to design, can be considered as 1-D prototypes for various 2-D spatial filters.
Here we will discuss zero-phase CNN filters (FIR and IIR), i.e. with realvalued transfer functions, which correspond to symmetric control and feedback templates [5] .
Proposed Design Method
In the following approach we propose an efficient design technique for 2-D circularsymmetric filters, based on 1-D filters, considered as prototypes. Given a 1-D proto-type with transfer function H p (ω), the corresponding 2-D filter function 
such that we have the approximation
This is also known as the McClellan transform.
The corresponding characteristic C(ω 1 , ω 2 ) and the constant level contours are given in Fig.1 , showing a good circular symmetry in a large domain, while near the margins the contour shape is less and less circular. Nevertheless, compared to other realizations we will discuss, it has the essential advantage of decreasing smoothly and uniformly to the minimum value (−1) at the limits of the domain and showing no ripple. The deviation from circular symmetry is rather unimportant for the types of filters under discussion. Let us consider a 1-D filter with the symmetric control template of radius R
Its frequency characteristic is given by DSFT:
Using trigonometric identities for cos kω, k = 1, . . . , R, we finally get a polynomial expression in powers of cos ω
Considering this 1-D characteristic as a prototype and using the frequency transformation specified before, we obtain:
where we used the notation:
. Therefore, once obtained the 1-D prototype filter with desired frequency response, the design of the 2-D circularly-symmetric filter consists in substituting in the prototype function H(ω) with the circular cosine C(ω 1 , ω 2 ) = cos ω 2 1 + ω 2 2 . This substitution was made in each factor of in the form (5); we can write
where C is a shorthand notation for C(ω 1 , ω 2 ).
Since the filtering function can be written as a product of elementary functions, the 2-D filter with circular symmetry, obtained from the 1-D prototype, is separable, which is a major advantage in implementation.
Consequently, the large-size template B corresponding to the FIR filter B(ω 1 , ω 2 ) results directly decomposed into elementary, small-size (3 × 3 or 5 × 5) templates, as a discrete convolution
If we use the 3×3 template C given in (9) to approximate the function cos ω 2 1 + ω 2 2 , each 3 × 3 template C i from (15) is obtained from C by adding the value b i to the central element. Each 5 × 5 template results as
where C 0 is a 5 × 5 zero template, with central element one; C 1 is a 5 × 5 template obtained by bordering C(3 × 3) with zeros.
FIR Filter Design Methods

FIR low-pass filter based on Fourier series
We intend to design a 2-D low-pass (LP) FIR filter with circular symmetry and specified cut-off frequency Ω 0 . The proposed approach is to find an approximation of an ideal 1-D LP filter through Fourier series expansion. Consider the ideal filter function plotted in Fig.2 (curve 1)
which generates the periodic frequency function H I p (ω), that can be developed into the Fourier series
Thus, we can find a filter approximation by truncating this series at a convenient order. Example: For an ideal LP filter with Ω 0 = 0.3π, keeping 12 terms, we obtain in the range [−π, π]: 
where C 1 (i = 1, . . . , 10) are 3 * 3 symmetric templates, calculated as shown before, and is a symmetric template
Since 5 × 5 templates can be implemented, 3 × 3 templates can be coupled two by two, leading to the convolution
where C 12 (5 × 5) = C 1 * C 2 and so on. Therefore, the equivalent template B of size 25 × 25 can be realized as a convolution of 6 templates of size 5 × 5. In Fig.3(a) , the frequency characteristic of the 2-D low-pass filter is displayed. It can be noticed that the filter is very steep around the cut-off frequency. Moreover, it has a perfect circular symmetry in the pass domain and a satisfactory one within the disk of radius 2π/3. Outside this disk, the contour plot shows a rather poor circular symmetry, which however is not important in the stop domain. Due to Fourier series truncation, the filter shows a radial ripple in both pass and stop domains. In Fig.4(a) another filter is shown, having the cut-off frequency Ω 0 = 0.5π. 
FIR band-pass filter based on 1-D prototype
Let us consider the band-pass 1-D FIR filter, described by the 1 × 5 symmetric template B = [r s p s r]. The filter frequency function is the DSFT of the discrete sequence BB = p + 2s cos ω + 2r cos 2ω (25)
We can impose the central frequency ω 0 , for which B(ω 0 = 1. Template parameters result from the design relations
where we used the notation x 0 = cos ω 0 , for simplicity. Example: We design first a band-pass filter with ω 0 = 4π andB(ω 0 ) = 1, B(π) = 0. Using (26), we get the parameter values: p = 0.5623, s = 0.0647, r = −0.2164. The frequency characteristics of the FIR spatial filter is shown in Fig.5(a) . The filter can be cast into the polynomial form 
Using the method presented before, from this 1-D prototype filter we can derive the 2-D circular-symmetric filter, with the proposed change of variable. We first use the 3 × 3 template C in (9) to approximate the function C(ω 1 , ω 2 ) = cos ω 2 1 + ω 2 2 . Doing so, we obtain the 5 × 5 template for the BP filter where the matrices C 0 and C 1 are specified before. The filter characteristics and contour plot are displayed in Fig.6 . As we notice, using the 3 × 3 template C to ap- proximate the desired filter does not provide a very satisfactory circular symmetry near the limits of the domain ω 1,2 ∈ [−π, π]. Therefore, we will try to find a 5 × 5 template which provides a larger domain of circular symmetry for C(ω 1 , ω 2 ) = cos ω 2 1 + ω 2 2 . We use a straightforward approach, by finding a trigonometric expansion of the function. Using the changes of variable: x = cos ω 1 and y = cos ω 2 , becomes f (x, y) = cos arccos 2 x + arccos 2 y
Next, we will expand the function f (x, y) in a two-variable Taylor series around (1,1). The general form is
and takes the particular expression in our case
Coming back to the initial frequency variables, ω 1 and ω 2 , expanding and combining powers, then using the trigonometric identities which express cos n ω as a linear combination of cos kω, k = 0, . . . , n, we finally derive the following trigono-metric expansion, which can be considered a 2-variable Fourier transform cos ω 2 1 + ω 2 2 = −0.5488 + 0.517(cos ω 1 + cos ω 2 ) + 0.4919 cos ω 1 cos ω 2 +0.0284(cos 2ω 1 + cos 2ω 2 ) − 0.0349(cos 2ω 1 cos ω 2 + cos ω 1 cos 2ω 2 ) +0.0252 cos 2ω 1 cos 2ω 2 − 0.0034(cos 3ω 1 + cos 3ω 2 ) + · · · (33) Keeping from this series the components of frequency 0, ω 1 , ω 2 , 2ω 1 , and 2ω 2 their combinations, we determine by identification the elements of the 5 × 5 template The characteristic corresponding to template C 2 is shown in Fig.7(a) . Using the template (34), we will re-design the same 2-D band-pass filter based on the 1-D prototype discussed before. All we have to do is to replace the 3 × 3 template C by template C 2 in eq. (28). This time, C 0 and C 1 are 9 × 9 templates obtained as before. We finally get a control template B of size 9 × 9, which obviously cannot be directly implemented. Considering the polynomial expression ofB(ω) in (27) and taking into account the parameter expressions (26), it can be shown that for this particular filter type,B(ω) has always real roots, therefore template B (9 × 9) can be decomposed into two 5 × 5 templates, which can be directly implemented. larger domain of circular symmetry, but also larger ondulations near the margins of the domain.
IIR Filter Design Method
IIR low-pass filter
A low-pass 1-D IIR filter, arbitrarily sharp, can be realized using the symmetric feedback template: A = [s p s] and the control template B = [0 1 0]. If the cutoff frequency Ω 0 is imposed, we obtain the parameter expressions [8] : Fig.9 (a) the low-pass prototype characteristic is shown, obtained for p a = −37.6, s a = r a = 18.8, for Ω 0 = 0.15. With the change of variable introduced before, we get
Using template C from (9), this filter is realized using the following 3 × 3 template: ω 2 ) is shown in Fig.9(b) . Therefore, a LP circular-symmetric filter, as sharp as desired, can be realized very efficiently in IIR version using the minimum-size (3 × 3) template. The smaller the cut-off frequency Ω 0 , the larger the template elements.
IIR band-pass filter
It can be easily noticed that the band-pass FIR filter discussed in section 3.2 has a very low selectivity. Using the results previously obtained in the case of the lowpass filter, we can realize a recursive filter with a higher selectivity, which will have a general form for the transfer function, with the value a > 0
Therefore, the IIR band-pass filter will be described by the feedback template
We obviously have H(ω 0 ) = 1. The larger the value of a, the more selective the filter will be; the central frequency and bandwidth can be controlled independently.
Based on the previous selective band-pass filter as prototype, we can design a 2-D band-pass filter with circular symmetry. Using expression (25), and replacing in the transfer function (38) cos ω by C(ω 1 , ω 2 ) ≃ cos ω 2 1 + ω 2 2 , we obtain
Consequently, the filter is described by the following feedback template
where C 0 is a 5 × 5 zero template with central element 1 and C 1 is a 5 × 5 template obtained by bordering C with zeros. As it can be noticed from (41), the filter selectivity and the peak frequency can be controlled independently by adjusting the parameters a and p, s, r, respectively. The larger the value of parameter a, the more selective the filter will be. However, it can be shown that this kind of IIR filters exhibit a rather high sensitivity to parameter tolerances, inherently present in every VLSI implementation. Therefore, the selectivity practically attainable is limited by the precision of the realization of circuit parameters, depending on the technology. Example: We design an IIR BP filter with central frequency ω 0 = 0.47π; from (26) we obtain the following parameter values: p = 0.5623, s = 0.0647, r = −0.2164. Using the general expression (38) we find, for a = 23, the IIR prototype filter frequency response given in Fig.5(b) . Based on this prototype, using the abovepresented method, we derive the feedback template A using (41). The IIR BP circularly-symmetric filter frequency response H(ω 1 , ω 2 ) is shown in Fig.10(a) and its contour plot in Fig.10(b) . The filter is very sharp, has a perfect circular symmetry and is very smooth in the stop frequency domain.
Multi-band IIR circularly-symmetric filter
A direct generalization of the IIR band-pass filter proposed in the previous section is a so-called multi-band filter. IfB(ω) in (38) is a 1-D spatial cosine of a higher frequency, we obtain a prototype filter function of the form
If the frequency transformation (8) is then applied, we obtain a 2-D filter presenting several concentric pass-band regions. The filter will also present a narrow pass region around the origin, so the filters will be of the LP-BP type. In Fig.11 we plotted the 1-D prototype filters for N = 3 and N = 5, and the 2-D circularly-symmetric filter for N = 3. The denominator A(ω) of (42) corresponds to a symmetric 1 × (2N + 1) template; however, it can be also expressed as a N-order polynomial in cos ω and can be factorized as in (5), so it can be implemented with 1 × 3 and 1 × 5 templates. For instance, with N = 3, taking a = 12, we get the 1 × 7 template, written as a convolution between 1 × 3 and 1 × 5 templates, and the factorized denominator 
The constant factor f can be conveniently distributed between the two templates. So the 2-D filter can be realized with a 3 × 3 and a 5 × 5 template.
Simulation Results
To test the filtering capabilities of some of the proposed filters, we have chosen a medical image, namely an angiography image of the liver vein system, obtained through a magnetic resonance technique (MRA). The original image, applied at the CNN input, is shown in Fig.12(a) . The image (b) was obtained at the output of the LP FIR filter (Fig.3 ) and the effect is hardly visible. The image (c) is obtained by a very selective LP IIR filtering (Fig.9(b) ) and is visibly blurred, all the fine details (small blood vessels etc.) are smoothed out. Such a filtering can be combined with non-linear operations, to extract some basic features of the image. If the image is passed through a sharp circularly-symmetric BP filter (Fig.10) , we get the image (d), in which both low-and high-frequency components are eliminated.
Conclusions
An efficient and convenient method was proposed for designing 2-D CNN spatial filters with circular symmetry. The method relies on a frequency transformation, which starting from a 1-D prototype, realized either in a FIR or IIR version, generates the corresponding 2-D filter, specified by the spatial transfer function in the frequency plane (ω 1 , ω 2 ). Therefore, in order to design a circularly-symmetric filter with given specifications, we simply have to determine the template parameters for the 1-D prototype. Then, the templates for the 2-D filter will result from a simple linear combination of matrices. An important advantage is the fact that the transfer function of every 2-D filter designed using this technique can be factorized, such that the filtering can always be realized in several steps, corresponding to elementary templates.
